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Abstract 

A cycle C in a graph G is called dominating if every edge of G is incident with a vertex 
of C. For a set K of connected graphs, a graph G is said to be "H-free if G does not contain 
any member of "H as an induced subgraph. When \'H\ = 2, % is called a forbidden pair. 
In this paper, we investigate the set H of pairs % of connected graphs which satisfies that 
every 2-connected H-free graph has a dominating cycle. In particular, we show that H is a 
very small class of pairs of graphs and find some pairs of graphs which belong to H. 
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1 Introduction 

A cycle C in a graph G is called dominating if every edge of G is incident with a vertex of G. In 
this paper, we investigate forbidden subgraphs which imply the existence of a dominating cycle. 
The origin of our research goes back to results on forbidden subgraphs implying the existence 
of a Hamilton cycle. 

All graphs considered here are finite simple graphs. For standard graph-theoretic terminology 
not explained in this paper, we refer the readers to [?]■ A graph G is said to be Hamiltonian 
if G has a Hamilton cycle, i.e., a cycle containing all vertices of G. The study on a Hamilton 
cycle is one of the most important and basic topics in graph theory. It is known that the 
problem of determining whether a given graph is Hamiltonian or not belongs to the class of ATin¬ 
complete problems, that is, a difficult problem in a combinatorial sense. So, many researchers 
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Figure 1: The forbidden subgraphs 

have studied sufficient conditions for Hamiltonicity of graphs, and there is a large amount of 
literature concerning conditions in terms of order, size, vertex degrees, independence number, 
forbidden subgraphs and so on (see a survey 12]). 

Let be a set of connected graphs. A graph G is said to be T-L-free if G does not contain H 
as an induced subgraph for all H val-L, and we call each graph H oiT-L a forbidden subgraph. If 
Ti = {H}, then we simply say that G is Ll-free. We call "H a forbidden pair if |?^| = 2. When we 
consider ?^-free graphs, we assume that each member of H has order at least 3 because K 2 is the 
only connected graph of order 2 and connected iL 2 -free graphs are only Ki (here denotes the 
complete graph of order n). In order to state results on forbidden subgraphs clearly, we further 
introduce several notations. For two graphs Hi and H 2 , we write Hi -< H 2 if Hi is an induced 
subgraph of H 2 , and for two sets Hi and H 2 of connected graphs, we write Hi < H 2 if for every 
graph H 2 in H 2 , there exists a graph Hi in Hi with Hi H 2 . By the definition of the relation 
“<”, if Hi <H 2 , then ?^i-free graph is also ■H 2 -free. 

The forbidden pairs that force the existence of a Hamilton cycle in 2-connected graphs had 
been studied in [siEiiini. Eventually, a characterization of such pairs was accomplished in [T] as 
follows (here let denote the path of order n, and the graphs (or claw), Bm,n and Ni^m,n 
are the ones that are depicted in Figure [IJ. 

Theorem A (Bedrossian [Tj) Let H be a set of two connected graphs. Then every 2-connected 
H-free graph is Hamiltonian if and only if H < {Ki^ 3 ,Pq}, H < {Ki^^, Bi^ 2 }, orH < 

On the other hand, Faudree, Gould, Ryjacek and Schiermeyer [TO] proved that every 2- 
connected {iLi^s, Zsj-free graph of order at least 10 is Hamiltonian (here Zn is the one that is 
depicted in Figured]). In |T2], the forbidden pairs for Hamiltonicity of 2-connected graphs have 
been completely determined even when we allow a finite number of exceptions. 

Theorem B (Faudree and Gould {12j) LetH be a set of two connected graphs. Then every 
2-connected H-free graph of sufficiently large order is Hamiltonian if and only if H < {Ki^^, Pq}, 
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n < {Ki,3,^3}, n < {i^i,3,5l,2}, OTn< {i^i,3,iVl,l,l}- 


A 2-factor of a graph G is a spanning subgraph of G in which every component is a cycle. 
It is known that a 2-factor is one of the relaxed structures of a Hamilton cycle since a Hamilton 
cycle is a connected 2-factor. In fact, the sufficient conditions for the existence of a 2-factor 
have been extensively studied in order to investigate the difference between the existence of a 
Hamilton cycle and a 2-factor in graphs (see a survey US]). As part of it, the forbidden pairs 
that imply a 2-connected graph has a 2-factor was characterized by J.R. Faudree, R.J. Faudree 
and Ryjacek Ha- 

Theorem C (J.R. Faudree, R.J. Faudree and Ryjacek [llj) Let % he a set of two con¬ 
nected graphs. Then the following hold. 

(i) Every 2-connected TL-free graph has a 2-factor if and only if TL < TL < 

{Ri, 3,Z4}, n < {Ri, 3 ,Hi, 3}, orn< {Rl,3,iVl,l,2}. 

(ii) Every 2-connected LL-free graph of sufficiently large order has a 2-factor if and only if 

n < {Ri,3, Pr}, n < {A:i,3, ^4} n < {Ky^, By^}, n < {Ri,3, A^1,1,3}, Orn< {Ky^, P4}. 

On the other hand, one often try to find a dominating cycle in order to find a Hamilton cycle 
in a given graph (recall that a cycle C in a graph G is dominating if every edge of G is incident 
with a vertex of G). For example, if some longest cycle in a graph G is dominating and the 
independence number of G is at most its minimum degree, then G has a Hamilton cycle (the 
related results can be found in laisj). It is also shown that the dominating cycle conjecture 
that “every cyclically 4-edge-connected cubic graph has a dominating cycle” by Fleischner m 
is equivalent to not only the well-known conjecture that “every 4-connected Ari^ 3 -free graph is 
Hamiltonian” by Matthews and Sumner [19] but also many other statements on Hamiltonicity 
of graphs (see a survey m)- In this sense, a topic on a dominating cycle is one of important 
relaxations of a Hamilton cycle. 

In this paper, our motivation is to investigate the difference between the existence of a 
Hamilton cycle and a dominating cycle of a 2-connected graph in terms of the forbidden pair. 

Problem 1 Determine the set H (resp., H') of pairs TL of connected graphs which satisfy that 
every 2-connected TL-free graph (resp., every 2-connected TL-free graph of sufficiently large order) 
has a dominating cycle. 

Concerning the above problem, we first show that H and H' are very small classes of pairs. 
Let A"i 3 , W, W* and be the ones that are depicted in Figured] and set TLi = {iLi^ 3 ,Z 4 }, 
Ti2 = {Ky^,By2}, Ti^ = {Ky3,Nyyi}, = {Pa,W}, = {^1*3, ^i}, = {P^,W*} and 

TiT = {P^,Kl]. 


3 


Theorem 1 Let LL be a set of two connected graphs. If there exists a positive integer no = 
no{'H) such that every 2-connected H-free graph of order at least no has a dominating cycle, 
then Li < Hi for some i with 1 < i < 7. 

Theorem [1] implies that H C H' C {LL : |77| = 2,'H < Hi for some i with 1 < i < 7} =: H* 
So, the remaining problem is that whether H & H or not {H € H' or not) when H is a member 
of H* . We actually guess that the contrary of Theorem [1] holds. 

Conjecture 2 Let H he a set of two connected graphs. If H & {Hi ■ 1 < i < 7}, then every 
2-connected H-free graph (of sufhciently large order) has a dominating cycle. 

As a partial solution of Conjecture O in this article, we further show that Hi is a member 
of iL ( C H') for 1 < i < 4 and that a pair H of connected graphs with H < H^ and H 7 ^ H 5 
is also a member of iL ( C H') (here is the graph obtained from by deleting one leaf 
(see Figured]) and H'^ = 

Theorem 3 Let H he a set of two connected graphs. If H & {Hi : 1 < t < 4} U [H'^}, then 
every 2-connected H-free graph has a dominating cycle. 

We prove Theorem [1] in Section [S] and slightly stronger statements than Theorem [3] in 
Section d] (see Theorems SHH])- 

Remark 1 By observing Theorems HI iBl and fO one may think that we always need an induced 
subgraph of a star in forbidden pairs for Hamiltonicity-like properties of graphs. In fact, as one 
of the approach to attack Matthews-Sumner conjecture, the forbidden pair containing for 
the existence of a Hamilton cycle in k-connected graphs (k > 3) have been also studied, e.g., see 
m ca da I 22 J. However, when we consider the existence of a dominating cycle, the situation 
is a bit different from Theorems HI iLl and fO i.e., there exist forbidden pairs which contain no 
star and force the existence of a dominating cycle in 2-connected graphs (see Theorem\^. 

2 Terminology and notation 

In this section, we prepare terminology and notation which we use in subsequent sections. 

Let G be a graph. We denote by V{G), E{G) and A(G) the vertex set, the edge set and the 
maximum degree of G, respectively. For X C V{G), we let G[X\ denote the subgraph induced 
by X in G, and let G — X = G\V{G) \ X]. Let u be a vertex of G. We denote by Ng{v) and 
dciv) the neighborhood and the degree of v in G, respectively. For X C 17(G) \ {u}, we let 
Ng{v,X) = NG{v)nX, and for I/,X C ^(G) with CnX = 0, let Ng{V;X) = IJ^gy Xg(u;X). 
We often identify a subgraph T of G with its vertex set V(F) (for example, Ng{v, V(F)) is often 
denoted by Ng{v;F)). For a positive integer I, we define V)(G) = {u G 17(G) : dG{v) = 1}. For 
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u,v € y{G), distG('U, ■y) denotes the distance between u and v in G, and we define the diameter 
diam(G) of G by diam(G) = max{distG('U, v) : u,v € V (G)}. When G has a cycle, we denote by 
c{G) the circumference of G, i.e., the length of the longest cycle of G. A path with end vertices 
u and V is denoted by a {u,v)-path. 

We write a cycle (or a path) G with a given orientation by If there exists no chance 
of confusion, we abbreviate ^ by G. Let ^ be an oriented cycle or a path. For x,y G V{C), 
we denote by x'dy the (x,y)-path on The reverse sequence of x'^y is denoted by yCx. 
For u € y{G), we denote the /i-th successor and the /i-th predecessor of u on ^ by and 
u~^, respectively, and let = u. For X C F(C'), we define = {x~^^ : x G X} and 

X~^ = {x~^ : X € A}, respectively. We abbreviate and X~^ by u -, A+ 

and respectively. 

For two graphs Gi and G 2 with y (Gi) fl F(G 2 ) = 0, let Gi U G 2 denote the union of Gi and 
G 2 , and let Gi + G 2 denote the join of Gi and G 2 , i.e., the graph obtained from Gi U G 2 by 
joining each vertex in F(Gi) to all vertices in F(G 2 ). For a graph G and I > 1, let IG denote 
the union of I vertex-disjoint copies of G. 

3 Proof of Theorem [1] 

We first prepare the following lemma concerning the property of a finite set of forbidden sub¬ 
graphs that imply the existence of a dominating cycle. 

Lemma 1 Let % be a finite set of connected graphs, and suppose that there exists a positive 
integer n = n{'H) such that every 2-connected H-free graph of order at least n has a dominating 
cycle. 

(i) Then % contains a tree T with A(T) < 3 and |V 3 (r)| < 1. 

(ii) If \7I\ = 2 and H contains a graph with diameter at least 3, then the other one is an 
induced subgraph of Ki -\- 3 K 2 , or isomorphic to . 

In order to prove Lemma [H we define the following graphs Ag, A( and A” (see Figure [2]). 
Note that each of Ag, A( and A” is 2-connected and contains no dominating cycle. 

• For each s > 2, let Ag be the graph consisting of the union of three internally disjoint 

Ps+ 2 ’s that have the same two distinct end vertices. 

• For each s > 3, let A( = 2Ki -\- 3 X 2 . 

• For each s > 2, let A" = K 2 + { 2 K 2 U Kg). 

Proof of Lemma [H (i) Let m = max{|F(LI)| : H G f-L}, and let ni = max{n, m}. Since is 
a 2-connected graph of order at least ni ( > n) having no dominating cycle, it follows that there 
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Figure 2: The graphs A^ and A 



exists a graph H in T-L such that H A„j. Observe that, by the definition of A^, all cycles in 
An^ have 2ni + 2 ( > 2m + 2) vertices and the distance of two vertices with degree 3 in A^ is 
ni + 1 ( > m + 1). These facts imply that H is a. tree with A{H) < 3 and \Vs{H)\ < 1. 

(ii) Write 7i = {Hi,H 2 }, and assume that diam(Ffi) > 3. Let 77-2 = max{n,3}. Since 
diam(Fri) > 3, we have ^ Hi, and hence A^^ does not contain Hi as an induced subgraph 
because A^^ contains no P 4 as an induced subgraph. Similarly, we see that A"^ does not contain 
Hi as an induced subgraph. On the other hand, both of A^^ ^-iid A"^ are 2-connected graphs of 
order at least re 2 ( > re) having no dominating cycle. This implies that H 2 is a common induced 
subgraph of A'^^ and A"^. Hence it is easy to check that H 2 < Ki + 3 K 2 or H 2 = . □ 

We further define five graphs of 2-connected graphs having no dominating cycle as follows 
(see Figure [3]). 

• For each s > 2, let A^^^ be the graph which consists of two vertex-disjoint triangles 
connected by three vertex-disjoint paths of orders s -|- 2, respectively. 

i‘2') 

• For each s > 4, let Gj (1 < i < 3) be a complete graph of order s, and let A^ be the 
graph obtained from Gi U G 2 U G 3 by joining Ui to Wj+i and Vi to Vi+i for 1 < i < 3, where 
Ui and Vi are distinct two vertices of Gi and 774 = rei, U4 = ui. 

• For each s > 4, let A^^^ = A^^^ — {uiVi : 1 < i < 3}. 

• For each s > 2, let Ai^'^ be the graph obtained from K 2 -|- {K 2 U Kg) by subdividing the 
edge xy twice, where {x, y} is the unique 2-cut set of K 2 + {K 2 U Kg). 

• For each s > 3, let A^^^ be the graph defined by H(A®) = {xi,yij : I < i < 2,1 < j < s} 

and = {X 1 X 2 } U {yi,jy 2 ,j : 1 < J < s} U {xiyij ■- 1 < i < 2,1 < j < s}. 

By the definition of A^P, we can obtain the following lemma. (Since the proof is easy, we 
omit it.) 

Lemma 2 (i) Ai^\ aP and A^^^ are Ki^^-free graphs. Furthermore, A^^^ is K^-free. 

(ii) Every connected induced subgraph of A^^^ with at most s vertices is also an induced 
subgraph of Nij^f^ for some integers i, j and k. In particular, every induced subtree of aP 
with at most s vertices is a path. 
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( 2 ) 

(iii) Every induced subpath of has at most 6 vertices. 

( 2 ) 

(iv) As ' contains neither nor as an induced subgraph. 

(o\ 

(v) As ' contains no B 2 g as an induced subgraph. 

(vi) As"^^ is P^-free and Ai^^ is K^-free. 

Now we are ready to prove Theorem [TJ 

Proof of Theorem [T1 Let be a set of two connected graphs, and suppose that there exists 
a positive integer no = no{7i) such that every 2 -connected ^-free graph of order at least no has 
a dominating cycle. We show that % for some i with 1 < i < 7. 

If Ti contains P 3 , then T-L < T-Li. Thus we may assume that B does not contain P 3 . Write 
Ti = {Hi,H 2 }, and let n = max{no,4, \V{Hi)\, \V{H 2 )\}. Then for each j with 1 < j < 5, 


Hi X or H 2 P A^ 


(3.1) 


because A^ ^ is a 2 -connected graph of order at least n ( > no) having no dominating cycle. 
We divide the proof into two cases according as H contains iLi ,3 or not. 


Case 1. Hi is isomorphic to for some i with i € {1, 2}. 

We may assume that Hi = Ki^^. Then it follows from Lemma[2](i) and (13.11) that H 2 -< A^^ 
for each 1 < j < 3, i.e., H 2 is a common induced subgraph of A^^^ and An\ Since 
n > \V{H 2 )\, it follows from Lemma [2] (ii) that H 2 is an induced subgraph of for some 

integers i, j and k. This together with Lemma [2] (iii) implies that H2 is an induced subgraph 
of either Z 4 , Biy, or N 2 gg. If H 2 -< Z/i, then H < Hi] if H 2 -< Bi n, then by Lemma [2] (iv), 
either H2 -< Pe, H2 P Zn or H2 P and hence H <Hi or H < H2] if H2 P 1 V 2 , 2 , 2 , then by 
Lemma[ 2 ](iv) and (v), either H2 -< Pq, H2 -< Z2, H2 -< B12 or H2 -< and hence H < Hi, 

H<H20iH< H3. 
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Case 2. Hi is not isomorphic to for i G {1,2}. 

By Lemma [1] (i), we may assume that Hi is a tree with A{Hi) < 3 and \V 3 {Hi)\ < 1. 
Since Hi ^ P 3 and Hi ^ i^i ,3 by the assumption of Case 2 , we have diam(iLi) > 3. Hence by 
Lemma [T] (ii), H 2 is an induced subgraph of Ki + 31^2 or isomorphic to . In particular, this 
implies that H 2 has a triangle (note that if H 2 is a tree, then either H 2 — or H 2 = P 3 , a 
contradiction). Therefore, it follows from Lemma [2] (vi) and (|3.1I) that Hi -< An'^. Combining 
this with the fact that A (Hi) < 3 and |V 3 (Hi)| < 1, we have Hi -< 

We divide the proof of Case 2 into three cases according as H 2 < Ki + 3 K 2 and Hi is not a 
path, H 2 ^ Hi + 3 H 2 and Hi is a path, or H 2 = . 

Subcase 2.1. H 2 is an induced subgraph of Hi + 3 H 2 and Hi is not a path. 

Since Hi is a tree which is not a path, Hi is not an induced subgraph of An'^ by Lemma [2] 
(ii). This together with dal]) implies that H 2 An'^. Combining this with the assumption that 
H 2 is an induced subgraph of Hi + 3 H 2 , we see that H 2 ^ Zi. Since Hi -< H^g, H < Hs. 

Subcase 2.2. H 2 is an induced subgraph of Hi + 3 H 2 and Hi is a path. 

If Hi is a path of order at most 4, then H < H 4 (note that Hi + 3 H 2 = IT). Thus we 
may assume that Hi is a path of order 5 because Hi ^ HJ'g. Then by Lemma [2] (vi) and (13.11) . 
H 2 ^ An'^. Since H 2 ^ Hi + 3 H 2 and An'^ contains no Hi + 3 H 2 as an induced subgraph, H 2 
is an induced subgraph of Hi + (Hi U 2 H 2 ). Thus H < Hq (note that Hi + (Hi U 2 H 2 ) = IT*). 

Subcase 2.3. H 2 is isomorphic to . 

Then by Lemma [2] (i), (|3.1I) and the assumption of Subcase 2.3, we have Hi ^ An'^. Since 
Hi -< H}g, Hi is a path of order at most 5 by Lemma [2] (ii). Thus H < H 7 . 

This completes the proof of Theorem [TJ □ 


4 Proof of Theorem [3] 

In this section, we prove Theorem [3l To prove this, we show that the following theorems hold, 
which immediately imply Theorem [3] (note that we actually prove slightly stronger statements.) 

Theorem 4 If Hg{ Hi :l<i<3}, then every longest cycle of a 2-connected H-free graph is 
a dominating cycle of the graph. 

Theorem 5 Every longest cycle of a 2-connected {H 4 , IT}-free graph is a dominating cycle of 
the graph. 

Theorem 6 A longest cycle of a 2-connected {H} 3 , Zi}-free graph is a dominating cycle of the 
graph. 



We will prove Theorems 0] and [5] in Subsections 14.11 and 14.21 respectively, and we will prove 
Theorem 0] in Subsections I4.3H4.5I 

4.1 iTi 3 -free graphs 

In this subsection, we prove Theorem 01 In order to prove it, we use some concepts and known 
results. 

In [22], Ryjacek introduced the concept of a closure for claw-free graphs as follows. Let G 
be a claw-free graph. For each vertex v of G, G[iVG>(u)] has at most two components; otherwise 
G contains a Ki ^ as an induced subgraph. If G[A'"g'(u)] has two components, both of them must 
be cliques. In the case that G[A^G'('f^)] is connected, we add edges joining all pairs of nonadjacent 
vertices in Ng{v). The closure cl(G') of G is a graph obtained by recursively repeating this 
operation, as long as this is possible. In [22|, it was shown that the closure of a graph has the 
following property. 

Theorem D (Ryjacek [22]) If G is a claw-free graph, then the following hold. 

(i) cl(G) is well-defined, (i.e., uniquely defined). 

(ii) c{G) = c(cl(G)). 

On the other hand, Brousek, Ryjacek and Favaron | 6 | characterized 2-connected Z^^}- 

free graphs having no Hamilton cycle. Let Fi, F 2 , F 3 and F 4 be the ones that are depicted in 
Figure01 and set F = {Fi, F 2 , F 3 , F 4 }. For each s, s' and t with s' > s > 3 and 1 < t < (s —1)/2, 
let Fg^gi^t be the graph which consists of vertex-disjoint Kg and Kg' connected by 2 t -|- 1 vertex- 
disjoint cycles of orders 3, respectively (see Figure 0|), and set F' = {Fg^gi^t : s' > s > 3,1 < t < 
(s-l)/ 2 }. 

Theorem E (Brousek, Ryjacek and Favaron [6j) Let G be a 2-connected {Ki^^, Zii}-free 
graph. If G is not Hamiltonian, then G a F or cl(G) € F'. 

Now we prove Theorem 01 

Proof of Theorem 01 Let H G {Hi : 1 < i < 3}, and let G be a 2-connected "R-free graph. We 
show that every longest cycle of G is a dominating cycle of G. If G is Hamiltonian, then the 
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assertion clearly holds; thus we may assume that G is not Hamiltonian. Then by Theorem s 
n^U 2 { = ^ 1 , 2 }) and Thus U = ni{ = {i^i, 3 , Z^}). Then 

it follows from Theorem lEl that G G T” or cl(G) G J-'. Since each graph F in F\JF' has a longest 
cycle of order |1/(T)| — 1, this together with Theorem [D] (ii) implies that the longest cycle of G 
has |H(G)| — 1 vertices; thus every longest cycle of G is a dominating cycle. □ 

4.2 F 4 -free graphs 

In this subsection, we prove Theorem 0 To prove this, we use the following lemma concerning 
the property of P 4 -free graphs. (In [23], a theorem which implies Lemma was proved by 
Seinseche, and also see mm-) 

Lemma A Let G he a P^-free graph. If G is k-connected and |H(G)| > 2k, then there exists a 
partition {A,B} ofV{G) with |A| > k and \B\ > k such that every vertex in A is adjacent to 
each vertex in B. 

Now we prove Theorem 0 

Proof of Theorem O. Let G be a 2-connected {P 4 ,IT}-free graph. We may assume that 
|1^(G')| > 4 (otherwise, the assertion clearly holds). Then by applying Lemma lAl as k = 2, there 
exists a partition {A,Bj of V{G) with |A| > 2 and \B\ > 2 such that every vertex in A is 
adjacent to all vertices in B. By symmetry, we may assume that |A| > \B\. Suppose that G has 
a longest cycle ^ which is not a dominating cycle of G. 

Claim IBP V{C). 

Proof. Suppose that B ^ H(G), and let u G P \ V(G). Since G[A' U B] is Hamiltonian for 
A' C A with |A'| = \B\, we have |H(G)| = c(G) > 2|P|. Hence \V{C) n A| = |H(G) \ P| = 
|H(G)\(P\M)| > |H(G)|-(|P|-1) > 2|P|-(|P|-1) = |P| + 1 . Since G-B ( = G-(P\M)) 
has at most |P| — 1 components, this implies that there exists a vertex x of G such that x, G A. 
Then the cycle x'’'^xux'’' is a longer cycle than G, a contradiction. □ 

Since G is not a dominating cycle of G, it follows from Claim [ 1 ] that there exist vertices 
xi,X 2 G A \ V{G) with X 1 X 2 G E{G). Moreover, by again Claim [1] and since |P| > 2, we can 
take distinct two vertices ui and U 2 in B n V{G). 

Claim 2 Acdxi,X 2 }; u^^}) = 0. In particular, {uf ,uf^,U 2 ,U 2 ^} C A. 

Proof. If there exists a vertex u in Ng{xi; {uf then xiuC^uiX 2 Xi is a cycle which 

contains (H(G) \ {nj*",U {tt,xi,X 2 }. This contradicts the maximality of |H(G)|. Thus 
-^g(xi, {ud= 0. By the symmetry of ui and U 2 , we also have A( 5 (xi, = 0, 
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and hence by the symmetry of xi and X 2 , we have Ng{x 2 , {uf ,uf‘^ ,U 2 ,U 2 ‘^}) = 0. In particular, 
since {xi,X 2 } C A, this implies that {u^,U 2 ^ A. □ 

Since ui ^ B and {xi, X 2 , C A by ClaimO we have that G[{rti,xi, X 2 , rt]'', 
,U 2 ,U 2 '^}] contains VF as a subgraph. Since G is ly-free, Claim [2] yields that A^g({^i') 

7 ^ 0. If ufu 2 G E{G), then ufu 2 '^uiXiU 2 Guf is a longer cycle than G, a contra¬ 
diction. If G E{G), then tt||^u^^^rtiXiX 2 M 2 C'rt]'' is a longer cycle than C, a contradiction 

again. Similarly, we have ^ E{G), and hence we have G E{G). But, then 

ufuf‘^U 2 '^U 2 is an induced path of G, which contradicts the assumption that G is P 4 -free. 

This completes the proof of Theorem [5j □ 

4.3 Proof of Theorem [6] 

The proof of Theorem [6] is actually divided into two parts according as the graph contains a 
triangle or not. To do that, we use the following. 

Lemma B (Olariu |20j) Let G be a connected Zi-free graph. If G contains a triangle, then 
G is a complete multipartite graph. 

Theorem 7 A longest cycle of a 2-connected ifaj-free graph is a dominating cycle of the 

graph. 

Here we prove Theorem [6] assuming Theorem [71 We will show Theorem [7] in Subsections 14.41 
and 14.51 

Proof of Theorem 0 Let G be a 2-connected Zi}-free graph. If G is ifa-free, then by 

Theorem [71 G has a longest cycle which is a dominating cycle. Thus we may assume that G 
contains a triangle. Then by Lemma iBl G is a complete multipartite graph. Let be a longest 
of G. Suppose that there exists an edge xy in G — V{G), and let u G V{G). If some vertex a 
in {x,y} belongs to a different partite set from u and , then uau^^u is a longer cycle than 
G, a contradiction. Thus we may assume that u and x belong to the same partite set, and u~^ 
and y belong to the same partite set (note that u and u'^ belong to different partite sets). Then 
uyxu'^'du is a longer cycle than G, a contradiction again. Thus G is a dominating cycle of G. 
□ 

4.4 Preparation for the proof of Theorem [3 

In this subsection, we prepare lemmas which will be used in the proof of Theorem [71 
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Figure 5: Lemma [3] 


Now let G be a 2-coimected graph. Let C be a longest cycle of G, and let H he a component 
of G — V{C). (Note that |F(G)| > 4.) Then by the maximality of |1L(G)|, we can easily obtain 
the following lemma. 

Lemma 3 (i) Ng{H;C) fl Ng{H;C)~^ = 0 (see the left of Figure EP. 

(ii) If u and v are distinct two vertices in Ng{H; C), then E{G) fl ,u~v~} = 0 (see the 

center of Figure EP. 

(hi) Ifu and v are distinct two vertices in Ng{H] C) such that \Ng{u] H)[JNg{v] H)\ > 2, then 
E{G) n = 0. In particular, u'^'^ / v and u~‘^ ^ v~ (see the 

right of Figure!^. 

Moreover, we give the following lemma concerning {iLJ'g, iLsj-free graphs. 

Lemma 4 Let x € V{H) and u € Ng{x;G). If G is Ks}-free and |F(ff)| > 2, then 

E{G) n {u'^‘^u~,u^‘^x} / 0 and E{G) n / 0. 

Proof of Lemma |4j Since |F(ff)| > 2 , Nh{x) ^ 0. Let x' G Nh{x). Then by Lemma El 
(i), F(G) fi {u^x,u~x,u^x',u~x'} = 0. By Lemma El (hi), u^'^x' ^ E{G). Moreover, since 
G is ffs-free, F(G) D ,u^u~,ux'} = 0. Therefore, if F(G) n u+^x} = 0, then 

G[{u,u^,u~,x,x'}] is isomorphic to a contradiction. Thus F(G)n{tt^^u“, ^ 0. 

By the symmetry of ^ and G, we have that E[G) n {n“^u+,u“^x} 7 ^ 0. □ 

4.5 Proof of Theorem [71 

In this subsection, we prove Theorem [71 

Proof of Theorem [TP Let G be a 2-connected 3 , iLaj-free graph, and we show that G has 
a longest cycle which is a dominating cycle of G. By way of a contradiction, suppose that every 
longest cycle of G is not a dominating cycle of G. For a cycle G of G, let /u(G) = max{|I/(ff)| : H 
is a component of G — V{G)}. Then /r(G) > 2 for every longest cycle G of G. For a cycle G of 
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Figure 6 : Claim [3] 


G, we further define oj{C) = \{H ■. H is a, component of G — V{C) such that \V{H)\ = fi{C)}\. 
Let be a longest cycle of G. We choose G so that 

(Cl) n{C) is as small as possible, and 

(C 2 ) uj{C) is as small as possible, subject to (Cl). 

Let H he a component of G — V{C) such that \V{H)\ = //(G) ( > 2). Since G is 2-connected, 
there exist distinct two vertices u and u in G such that Ng{u] H) ^ 0, Ng{v, H) ^ 0, \Ng{u-, H)U 
Ng{v\ H)\ > 2 and v~) = 0. We choose the longest cycle G of G, the component H 

of G — V{C) with \V{H)\ = the vertices u and v so that 

(C3) \Vv~)\ is as large as possible, subject to (Cl) and (C 2 ). 

By Lemma[3](i) and (hi), \V{u^v)\ > 4 and \V{v^u)\ > 4. Since v~) = 0, it 

follows from Lemma[3]that u^‘^u~ € E{G), and hence by Lemma[3](ii) and (hi), \V{vl^v)\ > 6. 

Claim 3 G E{G) for y G NdW^'jG — V{G)). 

Proof. Suppose that ^ E{G) for some vertex y G G — V{G)). By the choice of u 

and V, y ^ V{H). Let x G Ng{u-,H). Since G is K^-free, E{G) n {yu,yu'^^ = 0. 
Since Ng{H]u^~^ v~) = 0, yu^^ ^ E{G) and G[{x,y,u,u^,u^‘^,u^^}] ^ these imply 

that G E{G) (see FigureE]). However, G[{x,x',y,u,u"'',is isomorphic to where 
x' G Nh{x) because Ng{H-,u^~^ v~) = 0 and G is iLs-free, a contradiction. □ 

Claim 4 Ng{u~‘^]H) = 0. 

Proof. Suppose that Ng{u~‘^] H) / 0, and let x G Ng{u-,H). By Lemma[3] (hi), Ng{u~‘^; Pf) = 
{x}. If there exists a vertex y G Ng{u~^;G — V{G)), then by Claim El yu~^^ G E{G), and 
hence u~‘^xuu~u^‘^u^yu^^'^u~‘^ is a longer cycle than G (note that by the choice of u and v, 
y ^ V{H)), a contradiction. Thus Nciw^'jG — V{G)) = 0. Then D := u“^xuu“m+^ is 
a cycle in G such that V{D) = {V{G) \ {tf*"}) U {x}. Since NciW^'jG — V{G)) = 0, it follows 
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Figure 7: The insertible path U 1 U 2 U 3 of C 


that is a component of G — V{D), and G — V{D) contains some components whose union is 
H — {x}, which contradicts the choice (Cl) or (C2). □ 

By Lemma 0] and Claim 01 we have u^u~‘^ € E[G), and hence by Lemma [3] (ii) and (hi), 
\V{v'^u)\ > 6. Moreover, by the maximality of |F(C')|, we can easily see that the following 
holds. 


Claims E{G)ri{u } = 0. 

Proof. Let x € Ng{u]H) and x' € Nq{v]H) with x 7 ^ x', and let ^ be an (x,x')-path in H. 
If v~ is adjacent to a vertex 2 ; G then zv~ Gu'^u~'^ '^ux'^x'v^z is a longer cycle 

than G, a contradiction. Thus E{G) D {u~^v ~= 0. □ 

Let w G Ng{H-,v^ u~). We choose w so that \V{w'^u)\ is as small as possible. Note that 
by the choice of w, Ng{H]w^'^u~) = 0 (possibly w = n). By Lemma 0] (i) and Claim 01 
w ^ {u~,u~'^}. Since u~'^u^ G E{G), it follows from Lemma [3] (ii) that w ^ u~^. Write 
u~ Gw~^ = U 1 U 2 ■ ■ ■ Ug-iUs (s > 3). For an integer k with 1 < A: < s — 1, we call uiGuk ( = 
ttin 2 ■ ■ ■ Uk) an insertible path of G if there exist distinct k vertices vi,V 2 , ■ ■ ■ ,Vk satisfying the 
following (see Figure [7|): 


(11) The vertices vi,V 2 , ■ ■ ■ ,Vk appear in this order along C and Vi G F(u+^Cu ^) for each i 
with 1 < i < k. 

(12) {uiVi,Ui+ivil} C E{G) for each i with 1 < z < A:. 

(13) If Vk / v~‘^, then Nciui^vf'^v~‘^) = 0 for each i with 1 < z < A:. 

For an insertible path uiGuk of G, the vertices vi,V 2 , ■ ■ ■ ,Vk satisfying the conditions (I1)-(I3) 
is called bridging vertices of uiGuk- 


Claim 6 Let k and I be integers with 2 < k < s — 1 and 1 < I < k + 1. If uiGuk-i is an 
insertible path of G, then uiv~ ^ E{G). In particular, if vi,... ,Vk-i are bridging vertices of 
uiGuk-i, then Vk-i 7 ^ 
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V 


V 




Proof. By Lemma[3](ii), (iii) and Claim[5l we may assume that k > A and I > 5. Let vi,..., v^-i 
be bridging vertices of uiCuk-i- Suppose that uiv~ G E{G). Let x G Ng{u;H) and x' G 
Ng{v, H) with X 7 ^ x', and let ^ be an (x, x')-path in H. If I is odd, then by the condition (12), 
D := uiv~ Cv'^_ 2 Ui-iUi- 2 Vi- 2 Cv'^_^uis U 1 - 4 V 1 - 4 C .. .v^Cu'^‘^uiU 2 U^ux'^x'v^ui is a cycle in 
G such that V{D) = V{G)yjV{P), which contradicts the maximality of |B(C')| (see Figure[8|). If 
I is even, then D := uiv~ Gv'l_ 2 Ui-iUi -2 V 1 - 2 Cv^_^ui- 3 Ui- 4 Vi- 4 C .. .V 2 Gux^x'v^ui is a cycle 
in G such that V{D) = (I/(C') \ {tti}) U B(P), which contradicts the maximality of |B(C')| again 
(see Figure [9]). □ 


Claim 7 Let k he an integer with 2 < k < s — 1. If uiGUk-i be an insertible path of C, then 
Uk+iUk -2 ^ E{G), where uq = u. 

Proof. Let ui,... ,Vk-i be bridging vertices of uiCuk-i. Suppose that Uk+iUk-2 € E{G), and 
let = Uk+iUk- 2 '^Vk-iUk-iUkV'^_^'^Uk+i. Then H is a cycle in G such that V{D) = V{G), 
and hence fr{D) = p{G) and uj{D) = w(C'), in particular, H is also a component of G — V{D). 
Since u~ U = 0, it follows from the definition of D that u and v are 

distinct two vertices in D such that Ng{u]H) 7^ 0, Ng{v,H) 7^ 0, \Ng{u]H) U Ng{v, H)\ > 2 
and Ng{H;u'^ 1 ^v~) = 0. Since \V{ul^v)\ > \V{u^v)\, this contradicts the choice (C3). □ 
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Figure 10: G[{x,u,ui,U 2 ,vi,v^}] 


■G: 


Claim 8 For each k with 1 < k < s — 1, uiC Uk is an insertible path of C. 


Proof. We first show that uiCui ( = ui) is an insertible path of C. Since = ) uiu~^^ € 

E{G) and \V{u^v)\ > 6, there exists a vertex vi in iVG'(ui;We choose vi so that 
\V{vi^v~‘^)\ is as small as possible. By Lemma [3] (ii), (hi) and the choice of vi, we have vi G 
and Ng(ui; v^^v~) = 0. Suppose that U 2 V^ ^ E(G). Let x € Ng{u;H). Since 
Ng{H]w'^~^ u~ U ■) = 0 and G is iLs-free, we have E{G) fl {xu 2 , xui, xui, 

uvi \ = 0. Hence G[{x,n,ui, tt 2 ,ui,uj*"}] ^ Kl\ yields that uv^ G E{G) (see Figure fTOjl . 

Let x' G Nh{x). Recall that vi G V v~^) . By again the fact that Ng{H;w~^'^u~ U 
u'^'dv~) = 0 and G is K^-iree, we have that E{G) fl {xui,xvf ,xvf‘^,x'ui,x'u,x'vf ,x'vf'^, 
uvf^} = 0. This together with the fact that iVG'(ui)nR(uJ*'^u“) = 0 implies that G[{x, x', u, ui, 
= i^i 3 , a contradiction. Thus U2vf G E{G), and hence uiCui is an insatiable path 

of G. 

We next show that for k with 2 < A: < s — 1, ui is an insertible path of G. Suppose that 
there exists an integer k with 2 < k < s — 1 such that ui G Uk is not an insertible path of C. 
We choose k so that k is as small as possible. Then uiGu^-i is an insertible path of G. Since 
uiCuk-i is an insertible path of C, there exist bridging vertices ui,..., Vk-i of uiGuk-i- Note 
that by Claim [6l Vk-i G and hence by the condition (13) and again Claim [6l we 

have 


Ndui^vf '^v ) = 0 for 1 < f < A: — 1. 


(4.1) 


Since G V{u^‘^^v~^), and since UkV'^_.^ G E{G) by the condition (12), there exists a vertex 
Vk in NG{uk;v^_^'^v~‘^). We choose Vk so that \V{vk^v~‘^)\ is as small as possible. Then the 
choice of Vk implies that NG{uk',v'^~^v~‘^) = 0 if Therefore, since uiGuk-i is an 


insertible path of G and uiGuk is not an insertible path of C, we have 

Uk+iv^ ^ E{G). 

Since uiCuk-i is an insertible path of C, it follows from Claim [7] that 


(4.2) 


Uk+lUk-2 ^ E{G), 


(4.3) 
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(if k>3) 


(if k = 2) 


Uk+l V-k 




Figure 11: Claim [5] 


where uq = u. Since G is iTa-free, we also have that 


E{G) n {Uk+lUk-l,Uk+lVk,UkUk-2,Ukvl } = 


(4.4) 


If fc > 3, then by combining (l4.1D - (l4.4p . we have G[{uk+i-,Uk,Uk-i,Uk- 2 -,Vk,vl}] = 
a contradiction (see the left of Figure [TT|) . Thus k = 2. Then by (I4.1D - (|4.4D . and since 
G[{u 3 ,U 2 ,ui,u, V 2 , V 2 }] ^ we have E{G) fl {uv 2 ,uv 2 } / 0 (see the right of Figure ITT]) . 

Let X € Ng{u-,H) and x' G Nh{x). If G E(G), then since Nq{H\w~^^ u~ Uu'^'dv~) = 
0 , it follows from (SH) and (14.4p that G[{x,x',u,ui,U 2 -,V 2 }] = a contradiction. Thus 

UV 2 ^ E{G), and hence UV 2 G E{G). Then since Ng{H-,w'^'^ u~ = 0, it follows from 

(14.11) and (14.4p that G[{x,x',u,ui,U 2 ,u^}] = Kl\, a contradiction. □ 


t:7 


By Claim [HI uiCu^-i is an insertible path of G. Let ui,...,u<j_i be bridging vertices of 
uiGus-i- Note that Vi G for each i with 2 < i < s — 1. Let x G Ng{u;H) 

and x' G Ng{w, H) (if possible, choose x' 7 ^ x), and let ^ be an (x',x)-path in H. Recall that 
U 2 U'^} C E{G). If s is even, then D := wx'^xuu'^U 2 Uiu'^^'^ ^ ... 
Vs-iUs-iUsvf_i^w is a cycle in G such that V{D) = V{G) U V{P), a contradiction. Thus s 
is odd. Let D = wx'^ xuuiu'^^'^ V 2 U 2 UsV 2 '^ ... Vg-i Us-iUsvf_^'^ w. Then D is 

a cycle in G such that V{D) = {V{G) \ {u"*"}) U V{P). Hence by the maximality of |H(C')|, 
V{P) = {x}, in particular, w ^ v. Moreover, if there exists a vertex y in NciW^^G — V{G)), 
then by ClaimjSl G ^{G), and hence (H —+ yu'^,yu'^^} is a longer cycle 

than C (note that by Lemma[3] (i), y ^ V{H)), a contradiction. Thus NciW^', G — V{C)) = 0. 
Therefore, is a component of G — V{D), and G — V{D) contains some components whose 
union is H — {x}. This implies that either y{D) < y{G), or y{D) = y{C) and oj{D) < uj{G) 
holds, which contradicts the choice (Cl) or (C2). 

This completes the proof of Theorem [71 □ 
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